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The problem of studying the deformations of a Galois representation 
P: GaUQIQ) -, GWL 
where k is a finite field of characteristic p, was introduced recently by 
Mazur in [ 171. In the special case where IZ = 2, Mazur went on to examine 
several examples in some depth, and to pose the question whether the 
representations that arise are associated, in some sense, to modular forms. 
This question relates to recent work of Hida [ 10-131, Mazur and Tilouine 
[19], Wiles [25], and the author [S, 93. A summary of Mazur’s basic 
set-up is presented in the first section of this paper. 
Suppose that we begin with a representation 
p: Gal(Q/Q) -+ GL,(k) 
which is associated to a modular form (of level N, say). Then it makes 
sense to ask whether all deformations of p are themselves associated to 
modular forms. For there to be any chance of a positive answer, we must 
ask whether the deformations are attached to p-a&c modular forms of 
level N. This question is considered in [8], where we also point out a 
crucial problem: in Mazur’s theory, one considers all deformations that are 
unramified outside the primes dividing Np; thus, it cannot distinguish 
representations attached to forms of level N and, say, N2, which have the 
same prime divisors. The point of this paper is to show that one can con- 
trol the conductor in the deformation theory, and hence control the level 
of the modular forms to be considered. This allows us, in particular, to 
prove the general case of a surjectivity result recently obtained under more 
restrictive hypotheses by Mazur and Tilouine, and which is one of the 
ingredients in Tilouine’s recent proof of the anticyclotomic main conjecture 
for imaginary quadratic fields. 
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Notation. We fix once and for all a prime p 2 7; k will always be a finite 
field of characteristic p, and all our representations will be p-adic represen- 
tations. Other primes will be denoted by I or r; as a general rule, we use 
1 for primes in the ramification locus of our representations or dividing the 
level of our modular forms, and we use r for the other primes. 
1. MAZUR'S DEFORMATION THEORY 
Let k be a finite field of characteristic p 2 7, Gal(Q/Q) be the absolute 
Galois group of Q, and let 
P: Gal(Q/Q) -, GUk) 
be a continuous representation. We will always assume that p is absolutely 
irreducible and unramified outside a finite set S of primes containing p. Let 
G, denote the Galois group of the maximal extension of Q unramified 
outside S. Then p induces a representation 
/T: G, -, GL,(k). 
This is the representation we wish to deform. 
Let R be a complete Noetherian local ring with residue field k. We 
want to consider maps p : G, + GL,(R) that make the obvious diagram 
commute: 
GLz(R) 
/ 
GS 
\. 
GUk) 
We say two such lifts are strictly equivalent if they are conjugate by an 
element of GL,(R) which maps to the identity in GL,(k), and we define a 
deformation of p to be a strict equivalence class of lifts of 0. 
Mazur’s main theorem then says the following: 
THEOREM 1 (Mazur). Let p: G, --f G L,,(k) be absolutely irreducible. 
Then there exist a complete Noetherian local ring R = R(p, S) with residue 
field k and a deformation 
p: G, -+ GL,(R) 
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such that any other deformation 
P: G, -+ GL,(A) 
is obtained from p via a unique map R -+ A. 
The ring R depends on p only up to “twist-equivalence;” i.e., if p’ is 
equivalent to a twist of ji by a one-dimensional character, then there exists 
a canonical isomorphism 
r(p, p’): R(fi, S) -5 R(p’, 8). 
Proof: See [17]. 1 
One may think of X= Spec(R) as the space of all deformations of p, 
since its points are just the maps R + A. Mazur has obtained several results 
on the structure of the ring R = R(j, S), which we refer to as the universal 
deformation ring of p (relative to S), including a lower bound on its Krull 
dimension. One important fact is that the determinant map gives R an 
algebra structure over an Iwasawa-type algebra 
where Z= G;b,p is the pro-p-completion of the abelianization of G, and 
W(k) is the ring of Witt vectors over k. For example, if S= {p, co } and 
k=F,, then TrZ, and A=Z,[[ZJ]rZ,[[r]] is the usual Iwasawa 
algebra. 
For the case n = 2, one defines ordinary deformations as follows: 
DEFINITION 1. Let p : G, + GL,(A) be a continuous representation, 
and let A4 = A @A with the G,-action given by p. Let 1 be a prime, and Z 
an inertia group at 1. We say p is l-ordinary if the submodule M’ c M of 
invariants under Z is a free A-module of rank one and a direct summand 
of M. 
Note that this clearly does not depend on the choice of the inertia 
group Z, and also that we have defined things so that a representation 
which is unramified at 1 is not l-ordinary. Note also that it makes a big 
difference whether 1= p or not: since our residual characteristic is p, our 
representations are almost always ramified at p, and often wildly ramified; 
on the other hand, we shall see shortly that the ramification at primes dif- 
ferent from p is always bounded. Accordingly, requiring that our represen- 
tations be l-ordinary is a mild restriction when l# p. but a strong one if 
l=p. 
Suppose now that we start with a residual representation p : G, -+ 
GL,(k) which is l-ordinary for 1= I,, 12, . . . . 1,. Then it makes sense to 
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consider deformations of p which are also I-ordinary for the same 1, and to 
look for a universal deformation of this type. One sees easily that this 
exists. 
THEOREM 2. Let So c S be sets of primes, and suppose p: Gs + GL,(k) 
is absolutely irreducible and l-ordinary for all 1 E So. Then there exist a com- 
plete Noetherian local ring R(D, S, So) with residue field k and a deformation 
INS, so): G, 4 GL,(W, s, so)) 
which is l-ordinary for 1 E So and such that any other deformation 
p: G, + GL,(A) 
of p which is I-ordinary for all 1 E So is obtained from p(S, So) via a unique 
map R(p, S, So) + A. 
Proof This is an immediate application of Schlessinger’s criterion for 
representability-see [22] for the criterion, and [17] and [2] for the 
application to this situation (for the case So = {p}, but the general case is 
the same). m 
In the special case where So = {p}, we write R’(p) = R”(p, S) = 
R(p, S, So) and p” = p(S, So), and we call R’(p) the ordinary deformation 
ring of p and p” the universal ordinary deformation. (Thus, “ordinary” 
without prefix means p-ordinary.) This is the case that has been extensively 
considered by Mazur and Tilouine. There are, of course, tautological maps 
and, in particular, 
W, s) -+ W, s, So), 
W, 8) + R’(P, s). 
In some cases, this last map is known to be surjective (see [ 181). 
Mazur pointed out in [18] that (in some cases, at least) the ring R” 
“controls” the whole deformation theory. However, it seems that the main 
reason for studying it is its (still mostly conjectural) relation to modular 
forms. In order to explore this connection, we next review the relevant facts 
about p-adic modular forms and Hida’s theory of the ordinary p-adic 
Hecke algebra. 
2. p-ADIC MODULAR FORMS AND HIDA'S THEORY 
One of the standard ways of obtaining representations of Galois groups 
into GL,(A) is from modular forms, via Deligne’s construction (see [6, 71). 
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To be specific, let A be a discrete valuation ring of finite rank over Z,, and 
let f = C anqn be a cuspidal modular form of weight k on f I( N), with 
character E: (Z/NZ) x + A x and with a, E A. Suppose that f is an eigen- 
form for the Hecke operators T, with r l Np; as is well known, we may 
assume T,f = a,f. Let 
S= (p, m} u {l: 11 N}. 
Then Deligne’s construction shows that there exists a semi-simple represen- 
tation 
p(f): Gs -, GL(A) 
which is characterized by the following condition: for each r 1 N,, let 
@, E G, be a Frobenius element at r; then 
tr I = 4 
det p(f)(@,) = s(r) rkp ‘. 
Since p(f) is semi-simple, it is determined up to equivalence by these con- 
ditions (by the Cebotarev theorem). We call p(f) the Galois representation 
attached to $ 
Note. Following Mazur, we will take the @, to be a “geometric 
Frobenius,” i.e., the inverse of the usual Frobenius substitution. This 
amounts to saying that our p(f) is the contravariant of Deligne’s original 
representation. 
Given a representation p(f) attached to a modular form f, one may 
reduce modulo the maximal ideal of A to obtain a residual representation 
I: G, -+ GW); 
we call such residual representations modular. (One sees easily that if c is 
a complex conjugation in G,, det p(f)(c) = - 1. Serre has conjectured in 
[23] that every residual representation with this property is in fact 
modular. ) 
If we begin the deformation theory with a modular residual representa- 
tion p, it is interesting to ask how many of its deformations are obtained 
as above from modular forms. Since the weight k of a modular form is a 
positive integer, it is clear that not all deformations can be attached to 
modular forms. One might then ask whether all deformations are limits of 
deformations attached to modular forms. That is, too, is impossible can be 
seen from the p-adic Hodge structure of the representations: those attached 
to classical modular forms have twists of the form (0, *), and the same is 
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true for their limits. It is easy to show, however, that all possible p-adic 
Hodge structures will occur in the deformation theory-see [ 171 and [ 181. 
One way to take this into account is to consider p-adic modular forms 
(see [14, 151 or the expository account in [S].) These are limits of classical 
modular forms, but a p-adic eigenform need not be a limit of classical eigen- 
forms. Hence, the representation attached to a p-adic eigenform (when it 
exists) need not be a limit of representations attached to classical forms, so 
that the problem described above is avoided. Since twists of p-adic modular 
forms by characters of infinite order are still p-adic modular forms, this 
move also covers that source of new deformations. 
We now summarize the theory. Let B be a p-adic ring, i.e., a p-adically 
complete and separated Z,-algebra, and let N be an integer not divisible by 
p. The ring V = V( B, N ) of parabolic p-adic modular functions of level N 
defined over B is defined in [S].’ It contains all classical cuspforms of all 
weights on r,( Np") for all v 3 0; in fact, the space of all such is dense in 
V. One can define Hecke operators, and consider the Hecke algebra 
T = T(B, N), which is a compact algebra of continuous operators on V 
containing the “diamond operators” (see [S] for a definition) and the 
Hecke operators T, for all primes r (for r 1 Np, we take what are usually 
called the “U, operators,” but still denote them by T,, except in the case 
when r = p, when we write T, = U). One also needs to consider the closed 
subalgebra T* = T *( B, N ) generated by the diamond operators and the T, 
for r J N,. Recall that any normalized eigenform f E V corresponds to a 
Z,-algebra homomorphism T + B (map each Hecke or diamond operator 
to its eigenvalue); restricting this to T* gives a map T* + B. 
The fact that there are dense subspaces of classical modular forms in V 
allows us to prove the following well-known but crucial result: 
LEMMA 3. Fix any weight k > 2. Consider the set C,(N) of classical 
cuspforms of weight k and level Np’ for all v Z 0. For each f E C,(N) with 
coefficients in some p-adic ring R such that T, f = a, f for all r J Np, let 
/I,-: T* + R be the corresponding homomorphism. Then 
() ker(P,-) = 0. 
Similarly, fix any v 2 0 and consider the space D,(N) of classical 
cuspforms of level Np’ (and any weight), and let g range over the forms in 
D,(N) which are eigenforms for the action of T*. For each g, let B,: T* + R 
be the corresponding homomorphism. Then 
() ker(/3,) = 0. 
’ Since we will be considering only parabolic modular functions, we have changed our 
notation from that of [S]; our “V” is what was called V,,, there. 
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Proof. First, note that, by a theorem of Hida, C,( N ) is dense in V for 
each k > 2. (See [8] and [13].) For each v, let P, denote the kernel of the 
map from T to the Hecke algebra acting on the space Ck(N, v) of 
cuspforms of weight k and level Np’. (These are contained in V, so the map 
is just restriction.) Since C,(N) is the union of the C,(N, v) and is dense in 
V, we have 
n P,, = 0. 
But C,( N, v) 0 Q, has a basis consisting of eigenforms for T *; hence, 
and the first statement is proved. 
The second statement is proved by a similar argument, using Katz’s 
theorem that the space of “divided congruences” of any fixed level is dense 
in V-see [S]. 1 
Now we return to the deformation theory. Let S be a set of primes con- 
taining the primes dividing Np. A residual representation 0 : G, + G L,(k) 
which is attached to a normalized cuspidal eigenform f = C anqn of level 
Np” determines a map T -+ k, and hence determines maximal ideals m c T 
and m* c T*. Let B = W(k) and let R = %?(p, N) denote the completion of 
the restricted Hecke algebra T*(B, N) at the maximal ideal m*. For any 
B-algebra A with maximal ideal m, it is easy to see that if g = C b,q” is any 
normalized parabolic p-adic eigenform with h, E A and such that a, z b, 
(mod m) for r l Np, then g determines a unique map 9 -+ A, and conver- 
sely. If p 2 7 and fi is absolutely irreducible (which are our running 
hypotheses) it was shown in [8] that there exists a deformation of fi to 9, 
p,: G, + GL,(c%‘), 
which is universal among the deformations of p which are attached to 
p-adic modular forms. This defines a map 
which is clearly surjective by construction. One may thus think of X, = 
Spec(9) as the closed subscheme of X= Spec(R) corresponding to the 
modular deformations (the “m” is for “modular”). The structure of the ring 
8 is still quite mysterious. 
The situation is much better understood if we restrict our attention to 
(p-) ordinary deformations and ordinary p-adic modular ,forms. These last 
were first introduced by Hida: 
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DEFINITION 2. A p-adic eigenform is called ordinary if Uf = Af for i a 
p-adic unit. 
More generally, Hida has defined an idempotent e E T(B, N) which “cuts 
out” the ordinary part, i.e., such that fis ordinary if and only if ef = f. For 
eigenforms, the above definition is sufficient. 
One knows that the representation p(f) attached to a classical ordinary 
modular formfis p-ordinary in the sense above (see [25]). In fact, one can 
do better: let Tord = Tord(B, N) = eT(B, N) denote the direct summand of T 
obtained by restriction to the space of ordinary p-adic modular functions. 
For n as above, Hida has shown that Tord is a finite flat /i-algebra whose 
rank is determined by the classical theory. As before, the choice of a 
residual representation defined over a finite field k and attached to an 
ordinary cuspform determines a maximal ideal in Tord = Tord( W(k), N); let 
SY?O = %?O(p, N) denote the completion of Tord at this maximal ideal. Then 
we have: 
THEOREM 4. Suppose p 2 7, k is a finite field of characteristic p, and 
p: G, + GL,(k) 
is an absolutely irreducible residual representation attached to an ordinary 
cuspform of level N. Assume p is ram@ed at p. Then ji is p-ordinary, and 
there exists a p-ordinary deformation of p, 
P,,: G, -+ GL,W’O), 
which is universal among the deformations attached to ordinary p-adic 
modular forms, and corresponds to a map 
whose image lies in the subalgebra of W” generated by the diamond operators 
and the Hecke operators T, with r j Np. 
Proof: Representations of this type were first constructed by Hida. In 
this form, their existence was shown in [20] for N = 1 (with some restric- 
tions on the weight) and in [ 191 under some primitivity assumptions. Both 
of these give strongly geometrical proofs. We give an independent general 
argument which exploits the existence of the universal deformations. 
To obtain the representation p h, we need only note that there is a map 
~1: R + S$ by the discussion above, and that Hida’s idempotent e E T maps 
8 into the subalgebra of a0 generated by the T, with r j Np. The composi- 
tion defines a map 
j?:R+&“O 
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(with image as described) and thus the representation ph. It remains to 
show that this representation is p-ordinary, or, equivalently, that the map 
/I factors through rr: R -+ R”. For this, it is sufficient to show that 
ker(j) 1 ker(rc). 
To see this, let x E ker(rt), and let f be any classical cupform of weight 2 
and level Np’ defined over a W(k)-algebra B, which is ordinary and whose 
attached Galois representation p(f) reduces to p. By the usual duality 
between modular forms and Hecke algebras, f determines a map 
pr: 9’ + B. On the other hand, by Wiles’ theorem [25, Theorem 2.23, p(f) 
is p-ordinary, and hence so is p. In particular, there is a map 71,: R” + B, 
making the following diagram commute: 
R0 
/\ 
B 
R\ /” 
w” 
(since both compositions must be the map inducing p(f) which is unique 
by the universality of p). Since 7(r 0 z(x) = 0, we get that p.f 0 p(x) = 0, so 
that /I(x) E ker(Pr) for all f as above. However, by Lemma 3, 
n kerU+) = 0, 
so that p(x) = 0, and the theorem is proved. 1 
Remarks. (1) Representations of this type were first obtained by Hida 
in his paper [ll], without any restrictions as to absolute irreducibility; in 
fact, Hida has recently obtained much more general results of the same 
type. The “h” in p,, stands for “Hida”. 
(2) The requirement that p be ramified at p may strike the reader as 
strange. It is there for the following reason: if J is an ordinary classical 
modular form of weight 1 on T,(N), then p(f) will indeed be unramilied at 
p, though p(f) will only be ordinary at p. In this case, the representation 
into GL2(9’) will still exist, but the ordinary deformation space R” will 
not, so that the argument above fails. It seems plausible that the deforma- 
tion to a0 is still ordinary in this case, and it would be very interesting to 
understand this situation better. For example, will the locus of ordinary 
deformations in X= Spec(R) be a subscheme? 
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It is natural to ask whether the map 
R”(P, S) -+ Bob N) 
is surjective. That this is indeed the case under a certain primitivity 
assumption will be shown in Section 5. 
One would like to conjecture that both the map R -+ %? and its “ordinary 
analogue” R” --f W” are isomorphisms, but there are problems when N # 1. 
This is because the construction of R and R” depends only on the set of 
primes dividing the level N, while the construction of .!A! and 6%’ depends 
on N itself. To avoid this problem, one must define a “level N” version of 
the universal deformation space. This is the goal of the next sections. 
3. THE CONDUCTOR AND How IT VARIES 
Given a residual Galois representation 
p: Gs + GL,(k), 
one may measure its ramification outside p by its conductor, which we 
denote by N(p). Recall that we have 
where the numbers n(Z, p) are defined as follows: choose a place of 0 over 
1, and let Z be the corresponding inertia group; let B= k x k with the 
G,-action given by p, and let P0 be the subspace of P fixed by p(Z); then 
n(Z, p) = 2 -dim V. + SW(~), 
where SW(~) is the Swan conductor of (the restriction to a decomposition 
group at I of) p. (For a definition, see, for example, [23].) Note that if 
dim V,, = 2, then 0 is unramified at I and n(2, p) =O, that 0 is tamely 
ramified at I if and only if SW(~) = 0, and that p is Z-ordinary exactly when 
dim PO= 1. 
The conductor of a deformation 
p: G, -+ GL,(A) 
of p is defined in an analogous way as 
N(p) = fl lncLp), 
IES 
IZP 
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where we take V= A x A with the action of G, given by p, V, as the 
submodule of invariants under the action of an inertia group at 1, and set 
n(l, p) = 2 -rank V, + SW(~) = 2 - rank VO + SW(~). 
(The fact that the Swan conductors of p and of p are equal is well known; 
it is so because the wild inertia group at 1 is a pro-/-group, while the kernel 
of the reduction map GL,(A) + GL,(k) is a pro-p-group, so that all the 
wild ramification will already occur in the p.) 
Note that we have eliminated powers of p from the conductor; this is 
inevitable, since we are not assuming p is a part of a compatible family of 
I-adic representations. It is also pleasantly consistent with the fact that only 
the prime-to-p part of the level is relevant in the context of p-adic modular 
forms. 
The main result on the conductors of representations attached to classi- 
cal modular forms is the following theorem of Carayol: 
THEOREM 5 (Carayol). Let f be a classical eigenform of level Np’, 
defined over B, and let p(f) be the Galois representation attached to ,f. Then 
N(p( f )) 6 N, with equality if and only if f is a newform in the sense of 
Atkin-Lehner theory [ 1). 
Proof It is clearly enough to prove the statement for newforms. For 
this, see [3], where a much more detailed statement is proved. 1 
Note that Carayol’s theorem does not immediately apply to p-adic 
modular forms. It does, however, impose very strong restrictions on the 
level of those modular forms that give deformations of a given p, because 
(as is clear from the definitions) n(1, p) cannot be too different from n(1, p). 
To be precise: 
PROPOSITION 6. Let ji be a residual Galois representation 
0: G, -+ GL,(k), 
and let p be any deformation of ji. Then, for each 1 E S: 
1. if p is unramified at 1, then n(l, p) < 2; 
2. ifp is l-ordinary, then n(1, p) <n(l, p)+ 1; 
3. if ti and p are both Z-ordinary, then we have n(1, p) = n(1, IS); 
4. if ti is ramtf?ed at 1 but not l-ordinary, then n(1, p) = n(1, ti). 
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Proof: This all follows immediately from the fact that 
n(l, p) - n(l, ii) = dim P0 - rank VO, 
since rank V,,,<dim V,, ~2. 1 
Carayol has recently explored in depth exactly when these two numbers 
can be different; see [4]. 
From our point of view, we read the proposition as saying that p and p 
will have the same conductor if each is unramitied at I or Z-ordinary 
precisely when the other is. To have a good theory, we will need to force 
this to be the case. 
4. CONTROLLING THE CONDUCTOR 
We now turn to giving a version of the deformation theory where the 
conductor of the deformations under consideration is kept fixed. Recall 
that we have fixed a prime p z 7 and that k always denotes a finite field of 
characteristic p. Let 
,G: G, + GL,(k) 
be a residual representation, and let N = N(p). We make the following 
hypotheses: 
Hl. p is absolutely irreducible. 
H2. (Primitivity Hypothesis). There exists a classical cuspidal eigen- 
form S of level N = N(p) defined over some W(k)-algebra B with residue 
field k such that p(f) = p. 
Note that H2 is part of Serre’s recent conjectures on Galois representa- 
tions over finite fields and their relations to modular forms. Ribet and 
Carayol have proved in [21] and [4] that it holds whenever there exists 
a classical modular form g of weight 2 and trivial character, but of any level, 
such that p(g) = p, and Carayol has described a strategy for obtaining a 
general result in the same paper. Jordan and Livne have recently extended 
Ribet’s result to forms of weight k. 
LEMMA 7. Suppose p satisfies Hl and H2, and let f be the eigenform as 
in H2. Then f is a newform, N(p(f)) = N = N(p), and, for each I dividing N, 
p(f) is l-ordinary if and only if p is l-ordinary. 
Proof: Since p(f) = p, we have N(p(f )) > N; on the other hand, since 
f is of level N, Carayol’s theorem says that we have N(p(f)) i N, with 
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equality if and only if f is a newform. This proves the first two assertions. 
Finally, we have n(Z, p(f)) = n(l, p) for every If p, so that for each II N 
(i.e., for each ramified I) we must be either in case 3 or in case 4 of the 
preceding proposition. Thus, p(f) will be l-ordinary precisely when p is. 1 
To be able to consider the ordinary deformation spaces, we will often 
want to make the following additional hypothesis: 
H3. p is p-ordinary, and we may take the eigenform f to be an 
ordinary eigenform of level N. 
The wording of this hypothesis reflects the fact that the following very 
plausible conjecture is still open: 
Conjecture. Suppose p: G, --t G L,(k), and suppose that there exists an 
eigenform f such that p(f) = p. If p is p-ordinary, then there exists an 
ordinary eigenform g such that p(g) = 0. Furthermore, if p(f) is p-ordinary, 
then there exists an ordinary eigenformf, whose eigenvalues for the Hecke 
operators T, for Y # p are the same as those of J 
Assume now that 0 satisfies Hl and H2. We want to consider the defor- 
mation space for p which is “closest” to the modular deformation space 
9?(& N). The Lemma above gives us the way to do this: 
DEFINITION 3. Let p: G, -+ GL,(k) be a Galois representation satisfy- 
ing Hl and H2. Let N = N(p) be the conductor of p, and let So be the set 
of primes EJ N at which p is Z-ordinary. We define the level N universal 
deformation ring of p to be 
Wt N) = ND, S, So) 
and the universal level N deformation to be the deformation 
PCS, So): G, + GL(W, NJ), 
which is universal among the deformations of p which are I-ordinary for 
each 1~ So. 
If p satisfies Hl, H2, and H3, then we also define the ordinary deforma- 
tion space of level N to be 
RotA N)=W, S S”u (P}, 
and the universal ordinary deformation of level N to be the corresponding 
deformation. 
The expected result is in fact true: 
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PROPOSITION 8. Suppose p satisfies Hl and H2. Then the map 
W, S) -+ W(P, N 1 
factors through the universal level N deformation ring: 
If in addition p satisfies H3, the analogous map for ordinary deformations 
also factors: 
R"(p, S)-+R'(p, N)-+W"(p, N). 
Proof: By Lemma 3, it is enough to show that each classical eigenform 
“in” &?(p, N) is I-ordinary at the right 1. But this is clear by the Lemma 
above. 1 
It is natural, then to formulate the following conjecture: 
Conjecture. Suppose p satisfies Hl and H2. Then the map 
ct:R(~,N)+%'(/T,N) 
is an isomorphism. If p also satisfies fi3, then 
is also an isomorphism. 
For the ordinary case, this was first suggested by Mazur, and should be 
viewed as a very general type of “main conjecture”. It his been proved in 
a special case (where N = 1 and p is “special dihedral”-see [ 171). For the 
general deformation theory, there is very little evidence either way. It is 
obvious that a is surjective by construction, but this is far from clear for a’. 
This is because while 9 is constructed from the restricted Hecke algebra, 
W” is constructed from the full ordinary Hecke algebra. (In other words, 
the difficulty is showing that T[E Im(a’) for 11 Np.) In the next section, we 
will show that, under our primitivity hypothesis, both maps will be surjec- 
tive, and in fact that the T, for 1) N belong to the restricted Hecke algebra. 
Before we go on to the surjectivity theorem, some remarks might be in 
order as to how one may determine, in terms of the modular form f, the 
primes 1 at which p(f) is ordinary. It is easy to see, using the local form 
of Carayol’s Theorem 5, that there are only two cases: 
PROPOSITION 9. Let fE S,(T,(N), x) b e a cuspidal eigenform of weight k 
and nebentypus x on rI (N ). Write 
N = fl I”” and x = n XI? 
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where each x, is the restriction of x to (Z/l”“‘Z) x. Then f is ordinary at 1 if 
and only if one of the following happens: 
1. x, is a primitive character of conductor l”(l). 
2. xI= 1 and v(1) = 1. 
Proof: This can essentially be read off from the local Hecke corre- 
spondence (for which see [3]); we leave it to the reader to provide the 
details. One should remark that in the first case the local automorphic 
representation is a principal series representation n(p, v) with ,U unramified, 
and in the second case, a special representation rc(p, PO), again with p 
unramified. It is clear that the local automorphic representation attached to 
f cannot be supercuspidal, because the local Galois representations corre- 
sponding to supercuspidal representations are irreducible, hence not 
ordinary. 1 
Since we are assuming that p(f) has the same conductor as p(f), this 
settles the matter for the residual representations as well. (Otherwise, a list 
of the possible situations may be extracted from [4].) 
5. THE SURJECTIVITY THEOREM 
The surjectivity result we want will be proved in two parts, one to deal 
with 11 N and the other to deal with 1= p. Recall that we defined 9(p, N) 
as the completion of the restricted Hecke algebra of level N at some maxi- 
mal ideal, so that 9 is contained in some completion T, of the full Hecke 
algebra. Thus it makes sense to ask if T, E L%’ for some 1. Our first result is 
that the answer is yes for 11 N. 
THEOREM 10. Suppose p satisfies Hl and H2. and let 
cc:R(~,N)+W(p,N) 
be the map obtained above. For each 1) N, we have T,E Im(cr). 
Proof. Since c( is obviously surjective, this just amounts to saying that 
T,E B(p, N). (We have stated the theorem as above to preserve the 
parallelism with the ordinary case.) Our treatment will depend on 1. As 
above, write 
and, for any character x of (Z/NZ) ‘, 
x = l-I XI. 
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By Lemma 3, it is enough to show the following lemma: 
LEMMA 11. Let f E S,(T,( N), x) be a classical cuspidal eigenform of 
weight k and nebentypus x on r,(N), and suppose that f is “in” 5?(p, N), i.e., 
that p(f)=& Let a(f):R(Q, N)+B be the map induced by p(f) (which 
factors through the map W(p, N) -+ B induced by f ). For each 1 I N, let T, f = 
A(,)$ Then A(l) E Im(cc(f )). 
Proof Fix an I( N. To prove the lemma, we consider three cases: 
1. If x, is primitive, then we know, from the local Hecke corre- 
spondence (see [S] and [3]), that the restriction of p(f) to a decomposi- 
tion group at I is of the form p 0 v with p unramified, and that if @, is a 
(geometric) Frobenius element at Z, then CD, acts on the inertial invariants 
via A(l). Since in this case the universal level N deformation 
P: G, + GWW, NJ) 
is ordinary at 1, there is an element t, E R(p, N) through which or acts on 
the inertial invariants. Then it is ciear that a(f )(tl) = A(,). (See the similar 
argument in [19].) 
2. If xI = 1 and I(( N (i.e., v(Z) = l), then a similar argument works: the 
residual representation is of the form p 0 sp(2) with ,U unramitied, and @, 
acts on the inertial invariants via A(Z). 
3. If x, is not primitive and l* 1 N, we have A(1) = 0 by [16], and there 
is nothing to prove. 
Note that since we have not assumed that p ! b(N), not all the eigen- 
forms f “in” W(p, N) need have the same nebentypus, to that we do need 
to consider all the possibilities at once. 1 
COROLLARY. Suppose p satisfies Hl, H2, and H3, and let 
ci":Ro(p, N)+B"(p, N) 
be the map obtained above. For each I( N, we have T,E Im(a’). 
ProoJ: This is clear, since we already know that the image of a0 is 
just the image under Hida’s e of &?(p, N), and the theorem shows 
T,~g’(i% NJ. I 
Now we can show surjectivity for a’: 
THEOREM 12. Suppose p satisfies Hl, H2, and H3. Then a0 is surjective. 
Proof By the above, all that remains to be shown is that U~Irn(cr~). 
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We use exactly the same sort of argument as above: by Theorem 4, p,, is 
ordinary. Given any f “in” a0 which is of weight 2 but arbitrary level, 
Wiles has shown in [25, Theorem 2.21 that a Frobenius element at p acts 
on the inertial invariants in the attached representation via the eigenvalue 
of U; since the p” is ordinary, it follows that there exists some element 
u E R” which maps to U, and we are done. 1 
Note that Theorems 10 and 12 are “best possible,” in the following two 
senses: 
1. We have U $ a(@, N). In fact, it was shown in [S] that given a 
map /3: 2 + B to some p-adic ring B, and given any element A in the maxi- 
mal ideal of B, there exists a map from the full Hecke algebra to B which 
restricts to p on &Y and maps U to A. 
2. Both our theorems are false if we do not make a primitivity 
hypothesis, at least if Serre’s conjecture is true: if N(p) < N (and if Serre’s 
conjecture is true) there will be oldforms “in” 2(/T, N). Two such oldforms 
will determine the same map 9 + B, but will have different eigenvalues for 
the T,. (In fact, the T, will not even act semi-simply in most cases.) 
To conclude, we point out that the fact that u” is surjective has implica- 
tions for Iwasawa theory; we refer the reader to the paper [ 19) by Mazur 
and Tilouine, where these implications are drawn out to obtain a 
divisibility relation between p-adic L-functions. This is the first step in 
Tilouine’s recent work on the anticyclotomic Main Conjecture. We expect 
our result to have similar implications. 
ADDENDA* 
1. J. Tilouine has pointed out that the proof of Theorem 10 is not really 
complete as it stands. While the result does follow from Lemma 11, one 
needs a little more than a simple appeal to Lemma 3 to establish this. 
The problem is that Lemma 3 deals only with a local component of the 
restricted Hecke algebra, while we need to consider here the relation 
between the restricted and unrestricted algebras. To clarify, one has a 
commutative diagram 
T* c T 
I I 
W, NIL TOT. WA N) 
* This section added August 1989. 
Ml’Wl-8 
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and one wants to prove (for II N) that the image of T, E T belongs to 
b(R(p, N)). To argue as in Lemma 3, one needs to consider not only the 
characters a(f): R(p, N) + B (B some finite extension of Z,), but also the 
characters a3): TO,. R(j?, N) -+ B. Thus, we need to check that 
n kera(f)= (0); 
this follows from Lemma 7, which implies (by the multiplicity one 
theorem) that the ring TOTa R(& N) is reduced. Note that without 
hypothesis H2, this would be false. (Alternatively, one could argue by 
tracing through the construction of the universal modular deformation as 
given in [S] and applying Lemma 11 at each layer of the inverse limit. This 
amounts essentially to the same thing.) 
I thank Prof. Tilouine for pointing out this difficulty. 
2. The conductor calculations in Section 3 are largely anticipated in 
R. LivnC’s recent paper “On the Conductors of mod 1 Galois Representa- 
tions Coming from Modular Forms” (J. Number Theory 31 (1989), 
133-141), of which I was unaware until recently. 
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